Let G be a finite group and let exp(G) denote the least common multiple of the orders of the elements of G. A BH(G, h) matrix is a G-invariant |G| × |G| matrix H whose entries are complex hth roots of unity such that HH * = |G|I |G| , where H * denotes the complex conjugate transpose of H, and I |G| is the identity matrix of order |G|. In this paper, we give two new constructions of BH(G, h) matrices. The first construction is the first known example of BH(G, h) matrices in G does not need to be abelian. The second construction makes use of the study on relative difference sets by Leung and Ma [6].
Introduction
Let U h be the set of complex hth roots of unity. An n × n-matrix H with entries from U h is called a Butson Hadamard matrix if HH * = nI, where H * is the complex conjugate transpose of H and I is the identity matrix of order n. We say that H is a BH(n, h) matrix. The focus of this paper is Butson Hadamard matrices invariant under the action of finite groups. Let G be a finite group of order n. An n × n matrix A = (a g,k ) g,k∈G is Ginvariant if a gl,kl = a g,k for all g, k, l ∈ G. A G-invariant BH(n, h) matrix is also called a BH(G, h) matrix. The topic of group-invariant Butson Hadamard matrices is the center of many combinatorial objects, for examples, generalized Hadamard matrices, generalized Bent functions, abelian splitting semi-regular relative difference sets, cyclic n-roots and perfect arrays, see [7] and [4] for more details.
Let exp(G) denote the least common multiple of the orders of the elements of G. Let ν p (x) denote the p-adic valuation of the integer x. Using bilinear forms over finite abelian groups, we [3] constructed a class of BH(G, h) matrices in which G is abelian and (i) ν p (h) ≥ ⌈ν p (exp(G)/2⌉ for every prime divisor p of |G|, and (ii) ν 2 (h) ≥ 2 if ν 2 (|G|) is odd and G has a direct factor Z 2 .
The conditions (i) and (ii) are also the necessary conditions for the existence of BH(G, h) matrices in the case the group G is cyclic of prime-power order. In the case G is a cyclic group, most known necessary conditions on the existence of BH(G, h) matrices involve a condition on gcd(|G|, h). However when G is not a cyclic group, the situation turns out to be different. The first three known examples of this case are BH(Z p a × Z p a , h), BH(Z 2m p , h) and BH(Z m p 2 , h) matrices where the required conditions for the constructions involve vanishing sums of hth roots of unity, see [5] for more details.
In this paper, we give two new constructions for BH(G, h) matrices. The first construction is the first known example of BH(G, h) matrices which does not require G to be abelian. The second example makes use of the study on relative difference sets by Leung and Ma [6] .
As it turns out later, the properties of group-invariant Butson Hadamard matrices can be wrapped in a single group-ring equation. The theory of group rings and characters becomes a pivotal tool in our study. Let G be a finite group, let R be a ring and let R[G] denote the group ring of G over R. The elements of R[G] have the form X = g∈G a g g with a g ∈ R. The a g 's are called the coefficients of X. Two elements X = g∈G a g g and Y = g∈G b g g in R[G] are equal if and only if a g = b g for all g ∈ G. A subset S of G is identified with the group ring element g∈S g. For the identity element 1 G of G and λ ∈ R, we write λ for the group ring element λ1 G . For
where a g denotes the complex conjugate of a g .
If G is an abelian group, then we can study the properties of G using its characters. The group of complex characters of an abelian group G is denoted byĜ. The trivial character χ 0 is defined by χ 0 (g) = 1 for all
The following is a standard result and a proof can be found in [1, Ch. VI, Lem. 3.5], for instance.
The following result [3, Lemma 3.3] translates the properties of a BH(G, h) matrix to an equation over
Result 1.2. Let G be a finite group, let h be a positive integer, and let a g , g ∈ G, be complex hth roots of unity. Consider the element
On the other hand, let x and y be any two elements in G. We have y = gx in which g = yx −1 . The inner product of the row y and the row x of H is
Therefore, the equation (1) 
BH(G, h) Matrices with G non-abelian
In this section, we construct a family of group-invariant Butson Hadamard matrices which does not require the group G to be abelian. The main idea in the construction comes from modifying the building set idea used in the study of relative difference sets, see [2] for more details about building sets.
By Z t we denote the cyclic group of order t, where t is a positive integer. The following lemma is the main ingredient of our construction.
Lemma 2.1. Let n be a positive integer and let h be the smallest positive integer with the property
Then there exists a set of k group-ring elements
, which has the following properties.
(1) D i = g∈Z n/k a ig g, where each a ig is a complex h th root of unity.
To prove Lemma 2.1, we need the following result about Gauss sums of particular types. Lemma 2.2. Let n be an odd positive integer and let b be an integer.
As n is odd, we have
By part (a), we have
Moreover, we have
Consequently, we also have YZ = ζ
. Combining with (4) and (5), we obtain
Let g denote a generator of Z n/k . Let m be a fixed positive integer which is coprime to n. We consider the following three cases concerning the parity of ν 2 (n) and whether ν 2 (n) = 1.
In this case, we have h = n/k and Z n/k = Z h . Define, for each 0 ≤ i ≤ k − 1,
As h is the smallest positive integer with the property (2), we have ν 2 (h) = ν 2 (n). Hence, the number l = h/k = h 2 /n is odd. Let χ be a character of Z h which sends g to ζ t h for some integer t. We have
Write j = lx + y with 0 ≤ x ≤ k − 1 and 0 ≤ y ≤ l − 1. We obtain
As there is only one i ∈ {0, . . . , k − 1} with mi + t ≡ 0 (mod k), there is only one D i such that χ(D i ) = 0. Moreover by Lemma 2.2 part (a), the sum l−1 y=0 ζ y 2 +y(mi+t)/k l has square norm l. We obtain
Case 2. ν 2 (n) is odd and ν 2 (n) ≥ 3.
As h is the smallest positive integer with the property (2), we have ν 2 (h) = (ν 2 (n) + 1)/2. Hence, the number l = h/(2k) = h 2 /(2n) is odd. Let χ be a character of Z h which sends g to ζ t h for some integer t. We have
Write j = 2lx + y with 0 ≤ x ≤ k/2 − 1 and 0 ≤ y ≤ 2l − 1. We obtain
There is only one i ∈ {0, . . . , k − 1} with mi + t ≡ 0 (mod k), so there is only one D i such that χ(D i ) = 0. Moreover by Lemma 2.2 part (a), the sum
has square norm 2l. We obtain
Case 3. ν 2 (n) = 1.
In this case, we have h = 2n/k and Z n/k = Z h/2 . Define, for each 0 ≤ i ≤ k − 1,
By (2), we have ν 2 (h) = 2. Hence, the number l = h/(4k) = h 2 /(8n) is odd.
Let χ be a character of Z h/2 which sends g to ζ h for some integer t. We have
Write j = 2lx + y with 0 ≤ x ≤ k − 1 and 0 ≤ y ≤ 2l − 1. We obtain
There is only one i ∈ {0, . . . , k − 1} which satisfies mi + t ≡ 0 (mod k), so there is only one D i such that χ(D i ) = 0. Moreover by Lemma 2.2 part (b), the sum
Theorem 2.3. Let n and h positive integers with the property
Define the positive divisor k of n as follows.
Suppose that G is a group of order n whose central subgroup contains Z n/k as a subgroup. Then BH(G, h) matrices exist.
Proof. Note that a BH(G, h) matrix is automatically a BH(G, h ′ ) matrix whenever h | h ′ , as a hth root of unity is a power of a h ′ root of unity. Thus, we can assume that h is the smallest positive integer with the property ( * ). Let D 0 , . . . , D k−1 be defined as in Lemma 2.1. Let x 0 , . . . , x k−1 be a full set of coset representatives of G/Z n/k . Define
We have
where the second equality comes from
and Z n/k is contained in the center subgroup of G. By the property (2) of Lemma 2.1, we obtain
The result follows from Result 1.2.
Remark 2.4. We call two BH(G, h) matrices whose the first rows are R 1 = (x g ) g∈G and R ′ 1 = (y g ) g∈G equivalent if there exists an element k ∈ G and a hth root of unity η such that
In our construction of group-ring elements (6) , (7), (8), we have the flexibility in choosing the integer m coprime to h. Any such two different values of m give two inequivalent BH(G, h) matrices. In total, we constructed ϕ(h) inequivalent BH(G, h) matrices.
Construction from Relative Difference Sets
The main construction result of this section comes from the study of relative difference sets by Ma and Leung [6] .
A ring R is called a local ring if it has a unique maximal ideal. The following result [6, Proposition 2.4] guarantees the existence of a finite local ring.
Result 3.1. Let d, r, s be positive integers with r ≤ s. Then for any prime p, there exists a finite local ring R of order p ds such that (i) Its maximal ideal I is generated by a prime element π;
(ii) π s−1 = 0, π s = 0 and p = π r u, where u is a unit in R;
(iii) R/I is a finite field of order p d .
Let a, b be nonnegative integers such that s = ar + b, 0 ≤ b ≤ r − 1. Then R has the following group structure
Moreover, note that each element x ∈ R can be written uniquely as x = π k u for some positive integer k ≤ s and a unit u in R. The following result from [6] partitions the additive group (R×R, +) in a nice way which later becomes the main ingredient in our construction.
Denote the characteristic function of R i by f i . We have the following (a) w∈I s−1 f i (a + w) = p d−t for any a ∈ R and i = 0, . . . , p t − 1, and (b)
For each i = 0, . . . , p t − 1, define
Then {D 0 , . . . , D p t −1 } is a partition of R × R and for any character χ of R × R, we have
where the element c χ ∈ R depends only on χ. such that
Then there exist BH(R × R, h) matrices.
Proof. Let the sets D i , 0 ≤ i ≤ p t − 1, be defined in (10) and let η i , 0 ≤ i ≤ p t − 1, be hth roots of unity which satisfy (11). Define Therefore, we have χ(DD (−1) ) = p 2sd = |R × R| for any character χ of R × R. Note that R × R is an abelian group. By Result 1.1, we obtain DD (−1) = p 2ds .
By Lemma 1.2, we obtain a BH(R × R, h) matrix.
